Abstract. We study the deformations of a curve C on an Enriques-Fano 3-fold X ⊂ P n , assuming that C is contained in a smooth hyperplane section S ⊂ X, that is a smooth Enriques surface in X. We give a sufficient condition for C to be (un)obstructed in X, in terms of half pencils and (−2)-curves on S. Let Hilb sc X denote the Hilbert scheme of smooth connected curves in X. By using the Hilbert-flag scheme of X, we also compute the dimension of Hilb sc X at [C] and give a sufficient condition for Hilb sc X to contain a generically non-reduced irreducible component of Mumford type.
Introduction
We work over an algebraically closed field k of characteristic 0. Given a projective scheme X over k, we denote by Hilb sc X the Hilbert scheme of smooth connected curves in X. Mumford [16] first proved that Hilb sc P 3 contains a generically non-reduced (irreducible) component. In [15, 17, 18] for smooth Fano 3-folds X, Hilb sc X has been studied from the viewpoint of generalizations of Mumford's example and more recently it has been proved in [19] that if X is a prime Fano 3-fold then Hilb sc X contains a generically nonreduced component whose general member is contained in a smooth hyperplane section S ∼ −K X in Pic X (= Z[−K X ]), i.e. a smooth K3 surface S in X.
In this paper, we study the Hilbert scheme Hilb sc X for Enriques-Fano 3-folds X (see Definition 2.3) and discuss the existence of its generically non-reduced components. The 3-folds X in this class contain a (smooth) Enriques surface S as a hyperplane section, and were originally studied by Fano in his famous paper [8] and the study was followed in many papers, e.g, [4, 5, 2, 21, 20, 12] . It is known that every Enriques-Fano 3-fold X has isolated singularities and −K X is not a Cartier divisor but numerically equivalent to the hyperplane section S ∈ |O X (1)|. The number g := (−K X ) 3 /2 + 1 is called the genus of X, and it is known that for every X we have g ≤ 17 (cf. [20, 12] ). Let X be an Enriques-Fano 3-fold of genus g, and S ⊂ X a smooth hyperplane section, i.e. an Enriques surface S in X. It follows from a general theory on Enriques surfaces that there exists an effective divisor E such that |2E| is base point free and defines an elliptic fibration on S. (Such a divisor E is called a half pencil on S.) Let N E/X denote the normal bundle of E in X. The following is our main theorem. Theorem 1.1. If there exists a half pencil E on S of degree e := (−K X .E) ≥ 2 such that H 1 (E, N E/X (E)) = 0, where N E/X (E) := N E/X ⊗ E N E/S , then Hilb sc X contains a generically non-reduced component W of dimension 2g + 2e − 1 whose general member C satisfies:
(1) C is contained in an Enriques surface S ′ in X, and (2) C is linearly equivalent to −K X S ′ + 2E ′ in S ′ for some half pencil E ′ on S ′ .
In Example 4.2 we give examples of Enriques-Fano 3-folds X (of genus g = 6, 9, 13) satisfying the assumption of Theorem 1.1. For these X, there exist a smooth Fano 3-fold Y and a K3 surface M ⊂ Y which double cover X and S, respectively. We use the geometry of elliptic fibrations on M to show the existence of the desired half pencil E on S. It might be notable that for these X we have One can compare Theorem 1.1 with Proposition 4.4, which gives a sufficient condition for the Hilbert scheme of a smooth Fano 3-fold to have a generically non-reduced component. Theorem 1.1 is obtained as an application of Theorem 1.2, which enables us to compute the dimension of Hilb sc X at [C] and determine the (un)obstructedness of C in X for curves C contained in S.
Theorem 1.2. Let C be a smooth connected curve on S satisfying
In (1), (2) and (3), if we assume furthermore that h 0 (S, K S − D) = 0 and m = 1 (for (2)), then Hilb sc X is of dimension g +g(C)−1 at [C], where g(C) denote the (arithmetic) genus of C.
If H 1 (S, O S (C)) = 0, then the Hilbert-flag scheme HF sc X of X is nonsingular at (C, S)
is smooth at (C, S), and thus Theorem 1.2 (1) follows from a property of smooth morphisms. We partially prove that C is obstructed in X if H 1 (S, D) = 0 by using half pencils and (−2)-curves on S together with a result in [18] . See [18] for a result on the (un)obstructedness of curves lying on a K3 surface in a smooth Fano 3-fold.
The organization of this paper is as follows. In §2.1 and §2.2 we recall some properties of Enriques surfaces and Enriques-Fano 3-folds, respectively. In §2.3 we recall some known results on Hilbert-flag schemes and obstructions to lifting first order deformations of curves on a 3-fold to second order deformations (i.e. priamary obstructions). These results will be used in §3 and §4 to prove Theorems 1.2 and 1.1, respectively.
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Preliminaries

Enriques surface.
In this section, we recall some properties of Enriques surface. We refer to [7] and [1] for proofs and more general theories on Enriques surfaces. A smooth projective surface S is called an Enriques surface if H i (S, O S ) = 0 for i = 1, 2 and 2K S ∼ 0. Every Enriques surface S is isomorphic to the quotient M/θ of a smooth K3 surface M by a fixed-point-free involution θ of M. Here M is the canonical cover of S and called the K3 cover of S. It is well known that S admits an elliptic fibration ψ : S −→ P 1 , whose general fiber is a smooth curve of arithmetic genus 1 (cf. e.g. [1, VIII, §17]). For each ψ there exist exactly two multiple fibers 2E and 2E ′ of ψ, i.e. double fibers of ψ, and
Such divisors E and E ′ are called half pencils on S. Every nef and primitive divisor E ≥ 0 on S with self-intersection number E 2 = 0 is a half pencil on S.
Let S be an Enriques surface and π : M → S its K3 cover, i.e. there exists a fixedpoint-free involution θ of M satisfying S ≃ M/θ. Let ϕ : M → P 1 be an elliptic fibration on M. Then there exists a non-constant rational function u ∈ k(M), which is defined by u = ϕ * t and k(P 1 ) = k(t). Here u is called the elliptic parameter of ϕ and only unique up to linear fractional transformation (of t) (cf. [13] ). Lemma 2.1. Let u be the elliptic parameter of ϕ : M → P 1 and F the fiber of ϕ defined by u, i.e.
is a half pencil on S and the pull-back π * E coincides with F .
Proof. Let π ′ be the map on P 1 defined by t → t 2 . Since u 2 is invariant under θ, the composition π ′ • ϕ factors through π and there exists a commutative diagram
where ψ defines an elliptic fibration on S. Since π ′ is ramified at (t = 0) (and (t = ∞))
on P 1 , ψ has the double fibers 2E at (t = 0). By commutativity, we have proved the lemma.
Let E be a half pencil on S. Note that the normal bundle
Here O E (E) has no sections, but O E (2E) has a unique nonzero section up to constants. We also note that for every integer k ≥ 0, the restriction map
that the surjectivity is equivalent to the injectivity of the natural induced map
We need the following lemma for our proof of Theorem 1.2. (
Proof.
(1) is a special case of [11] . (2) An equivalent definition is to assume that a general hyperplane section is a smooth Enriques surface. In this section, we mainly consider the Enriques-Fano 3-folds X with only terminal cyclic quotient singularities. There is a classification of such X due to Bayle [2] and Sano [21] . We summarize the properties of X:
of X is a smooth Fano 3-fold, and Y is isomorphic to one of the 3-folds in Table  1 . (1, 1, 1). 
a with a center an elliptic curve
6 a double cover of (1, 1)
c In this table, S n denotes a del Pezzo surface of degree n.
Minagawa [14] showed that every Enriques-Fano 3-fold X 0 with at most terminal singularities admits a Q-smoothing, which assures us that X 0 is obtained as a flat specialization of Enriques-Fano 3-folds X t (t = 0) with terminal cyclic quotient singularities. This fact implies that we have g ≤ 13 for any X 0 .
Remark 2.4. Prokhorov [20] and Knutsen-Lopez-Munoz [12] proved that g ≤ 17 for any Enriques-Fano 3-fold X. As far as we know, the problem of classifying all Enriques-Fano 3-fold X with non-terminal singularities is still open.
In what follows, we recall some well known examples of Enriques-Fano 3-folds X g of genus g = 6, 9 and 13. Here X g has the Picard rank 1, 2 and 3 for g = 9, 6 and 13, respectively. 
(1) (No.14 in Table 1 )
Here we say that θ is of of type 
(a) invariant (2, 2, 2)-forms
PSfrag replacements
smooth member M ∈ Λ not passing through the 8 fixed points. Thus X 13 := Y /θ is an Enriques-Fano 3-fold of genus 13, and X 13 is embedded into P 13 by the linear system Λ ≃ |O X (2, 2, 2)| ≃ P 13 . (2) (No.12 in Table 1 ) Let P 5 be the projective 5-space and x 0 , . . . , x 5 its homogeneous coordinates. Let Y ⊂ P 5 be a smooth complete intersection of two hyperquadrics, whose defining equations are of the forms
We define an involution θ ′ of P 5 by
and we denote by θ the induced action on Y . Then the fixed set Fix(θ ′ ) of θ ′ on P 5 is equal to (x 0 = x 1 = x 2 = 0) (x 3 = x 4 = x 5 = 0). Thereby θ fixes just 8 points on Y . We consider the intersection M of Y with the third hyperquadric (q 2 + q ′ 2 = 0) in P 5 of the form (2.2). Then M is a K3 surface in Y . We can take the 2 quadric polynomials q 2 and q ′ 2 so that M ∩ Fix(θ) = ∅. Thus X 9 := Y /θ is an Enriques-Fano 3-fold of genus 9. Here X 9 is embedded into P 9 by the linear system on Y spanned by θ-invariant quadratic forms of type (2.2). (3) (No.9 in Table 1 ) Let Y be a smooth complete intersection of three hypersurfaces of bidegree (1, 1) in P 3 × P 3 . We define an involution θ of Y by diagonal action
Then θ fixes just 8 diagonal points on Y . As a K3 surface M in Y , we take the intersection of Y with a general hypersurface in P 3 × P 3 of bidegree (1, 1). Thus X 6 := Y /θ is an Enriques-Fano 3-fold of genus 6, and embedded into P 6 by the linear system of symmetric bilinear forms on Y .
Let X be an Enriques-Fano 3-fold with at most terminal cyclic quotient singularities. Let π : Y → X the canonical double cover of X (then Y is a smooth Fano 3-fold), and θ an involution of Y such that X ≃ Y /θ. If there exist a θ-invariant K3 surface M in Y and an elliptic fibration on ϕ : M → P 1 , with a θ-anti-invariant elliptic parameter u ∈ k(M), then by Lemma 2.1, ϕ induces an elliptic fibration on the Enriques surface S = π(M) in X, and the image π(E) of F = (u = 0) in S is a half-pencil on S. Lemma 2.6. If X is either X 13 , X 9 or X 6 in Example 2.5, then there exist a θ-invariant K3 surface M in Y and an elliptic fibration ϕ : M → P 1 with a θ-anti-invariant elliptic parameter u such that
for the invariant elliptic curve F = (u = 0) on M. More explicitly, F is described as follows:
(1) F is a complete intersection of two hypersurfaces of tridegree
, and (3) F is a complete intersection of two hypersurfaces of bidegree (1, 0) and (0, 1) with
Proof. The lemma is proved in case by case.
(1) Let X = X 13 . We denote by R + (resp. R − ) the space of invariant (resp. antiinvariant) (1, 1, 1)-forms on Y . Then R + and R − are spanned by the four monomials x i y j z k corresponding to the vertices • and • in Figure 1 (b), respectively. We take four general (1, 1, 1)-forms l + , m + ∈ R + and l − , m − ∈ R − and define a smooth . There is a one-to-one correspondence between the set of elliptic fibrations on M (on S = M/θ) and the 9 points λ = (λ 0 , λ 1 , λ 2 ) in P 2 defined by
Then as in (1), there exists an elliptic fibration ϕ :
(3) Let X = X 6 . We put x = (x 0 , x 1 , x 2 , x 3 ) and y = (y 0 , y 1 , y 2 , y 3 ). Let M be the K3 surface in Example 2.5. Then M is a complete intersection of four hypersurfaces Q i (i = 0, 1, 2, 3) of bidegree (1, 1) in P 3 × P 3 . Then there exist 4 × 4 symmetric matrices A i corresponding to the symmetric bilinear forms defining Q i , respectively. The elliptic fibrations on M (on S = M/θ) are in one-to-one correspondence with the points λ = (λ 0 , λ 1 , λ 2 , λ 3 ) in P 3 satisfying
These points correspond to the 10 nodes of a quartic surface in P 3 defined by det(A(λ)), which is well known as a Cayley's quartic symmetroid (cf. [3] ). For each λ, there exist two linear forms l and m on P 3 such that t xA(λ)y = l(x)l(y) + m(x)m(y). By changing the coordinates of P 3 , we may assume that t xA(λ)y = x 1 y 1 + x 2 y 2 . We define a rational
and take it as an elliptic parameter on M. It is easy to see that u is anti-invariant under the involution θ(x, y) = (y, x). Moreover every fiber of the elliptic fibration defined by u is a complete intersection (1, 0)
, where π i : F → P 3 is the restriction to F of the i-th projection
Remark 2.7. We note that in Lemma 2.6, the K3 surface M is required to contain a pencil of elliptic curves F in Y and hence not a general member of | − K Y |. However its image S = π(M) is a general hyperplane section of X g ⊂ P g . It is rather easy to see this for g = 6, 9. For g = 13 we consider a linear map
where R + (resp. R − ) is the 4-dimensional vector space of (resp. anti-)invariant (1, 1, 1)-forms on Y (cf. Figure 1(b) ), and Sym 2 (V ) denotes the symmetric square of a k-vector space V . Then we see that the kernel of Φ is of dimension 6 and hence Φ is surjective.
Remark 2.8. In Lemma 2.6, F is a complete intersection in Y . This implies that
Then there exists a short exact sequence
on Y and it follows from this sequence that
2.3. Hilbert-flag scheme and Primary obstruction. In this section, we recall some properties of Hilbert-flag schemes (cf. [9, 23] ) and a result in [18] on primary obstructions to deforming curves on a 3-fold. In this paper, Hilbert-flag schemes play some important roles. Given a projective scheme X, we denote by HF X the Hilbert-flag scheme, that is the projective scheme parametrizing all pairs (C, S) of closed subschemes C and S of X with C ⊂ S. For a pair (C, S), its normal sheaf N (C,S)/X in X is defined by the Cartesian diagram
where | C and π C/S are the restriction and the projection, respectively. Suppose that the two embeddings C ֒→ S and S ֒→ X are regular (cf. [23] ). Then H 0 (X, N (C,S)/X ) and H 1 (X, N (C,S)/X ) respectively represent the tangent space and the obstruction space of HF X at (C, S) and we have
from a general theory. Moreover, there exist two fundamental exact sequences Now let X be a (possibly singular) projective 3-fold, S a smooth surface contained in the smooth locus of X and C a smooth connected curve on S. We consider the subscheme of HF X parametrising pairs (C, S) of a smooth connected curve C and a surface S in X and denote it by HF sc X. Here and later, given a sheaf F on X, we denote by χ(X, F ) the Euler-Poincare characteristic of F .
Lemma 2.9. Suppose that −K X is ample and p g (S) = 0.
(1) If H 1 (S, O S (C)) = 0 then H i (X, N (C,S)/X ) = 0 for all i > 0, which implies that
(1) There exists an exact sequence 0
By adjunction, we have N S/X ≃ −K X S + K S and hence H i (S, N S/X ) = 0 for all i > 0 by assumption. Thus we obtain the first conclusion of the lemma by (2.5) and (2.3).
(2) By Serre duality, we see that
Then the first projection pr 1 is smooth at (C, S) by [10, Lemma A10] (cf. [19, §2.2] ). Thus as a consequence of (1) we have proved the lemma.
Remark 2.10. If X is an Enriques-Fano 3-fold and S is its hyperplane section, then by using (2.5) the number χ(X, N (C,S)/X ) is computed as
where g is the genus g = (−K X ) 3 /2 + 1 of X.
Next we recall primary obstructions to deforming curves on a 3-fold. Let α be a global section of N C/X , i.e. a first order (infinitesimal) deformationC of C in X. Note that C is a locally complete intersection in X. Then the primary obstruction ob(α), i.e. the obstruction to extendC to a deformationC of C over k[t]/(t 3 ), is contained in H 1 (C, N C/X ) and expressed as a cup product of cohomology classes on C (cf. e.g. [18, Theorem 2.1]). If ob(α) = 0 for some α ∈ H 0 (C, N C/X ), then C is obstructed in X. In [15, 18] a sufficient condition for ob(α) = 0 was given under the presence of an intermediate smooth surface S with C ⊂ S ⊂ X. Let π C/S : N C/X −→ N S/X C be the natural projection of normal bundles, and π C/S (α) ∈ H 0 (S, N S/X C ) the image of α by the projection (i.e. the exterior component of α). We suppose furthermore that π C/S (α) lifts to a global section β ∈ H 0 (S, N S/X (E)) for some effective divisor E ≥ 0 on S, i.e. we have
Here and later, for a sheaf F and a cohomology class * in H i (S, F ), we denote by * the image of * by the natural map H i (S, F ) → H i (S, F (E)) (and similarly for C). The rational section β of N S/X admitting a pole along E is called an infinitesimal deformation of S in X with pole (along E). Twisting the projection π E/S with N E/S ≃ O E (E) and taking the map induced on the space of global sections, we define the π-map
for (E, S). The following theorem is crucial to our proof of Theorems 1.1 and 1.2. 
is not surjective, and
Here the natural map in the item (1) is induced by an inclusion ι :
Remark 2.12. In [15, 18] the authors reduced the computation of ob(α) to the image ob S (α) (= π C/S (ob(α))) in H 1 (S, N S/X C ). They deduced the nonzero of ob S (α) from the nonzero of a cup product on the (polar) curve E. In fact, let ∂ E denote the coboundary map of the short exact sequence
on E. Then the nonzero of ob S (α) is deduced from that of ∂ E (β E ) ∪ β E , where the cup product is taken by the map
The condition (iv) assures us that the invertible sheaf N S/X (E −C) E on E is trivial, while (v) and (vi) imply that the coboundary image ∂ E (β E ) is nonzero. Thus they obtained the nonzero of the cup product on E. Theorem 2.11 looks technical, however it has many application in e.g. [17, 18, 19] . See [18] for the detail of the proof.
Now we assume that X is an Enriques-Fano 3-fold and S is its hyperplane section. Let E be a half pencil on S. Lemma 2.13.
(1) The π-map π E/S (E) for (E, S) is not surjective if and only if
(2) Suppose that there exists a commutative diagram
where π is the canonical cover of X, M is the K3-cover of S in Y , and F is the pullback of E in M. Then we have
(1) By adjunction, we have
Thus it follows from (2.7) that π E/S (E) is surjective if and only if the map
Thus we obtain the first assertion.
(2) Note that X is a quotient scheme Y /G of Y by a finite group scheme G (of order 2). Then N E/X (E) is the G-invariant part of π * N F/Y (F ). Therefore N E/X (E) is a direct summand of π * N F/Y (F ), due to the existence of the Reynolds operator (cf. [22, §2] ). Then there exists a natural injection
Since O F (F ) ≃ N F/M is trivial, we conclude that H 1 (E, N E/X (E)) = 0.
Deformations of curves on Enriques-Fano 3-folds
In this section, we prove Theorem 1.2. Let X be an Enriques-Fano 3-fold of genus g, S an Enriques surface in X and C a smooth connected curve on S of genus g(C). Proof of Theorem 1.2. We first show a strategy of the proof, which is very similar to that of [18, Theorem 1.2] . By Lemma 2.9, we have H 1 (X, N (C,S)/X ) = 0, which implies that the Hilbert-flag scheme HF sc X of X is nonsingular at (C, S). Moreover, there exists an exact sequence
induced from (2.4), where p 1 is the tangent map of the first projection pr 1 :
is surjective under the assumption of (1) and not surjective for (2) and (3) by Lemma 2.2. Then (1) follows from Lemma 2.9. For (2) and (3), it suffices to prove that there exists a global section α ∈ im p 1 whose primary obstruction ob(α) is nonzero. Here we skip the proof of ob(α) = 0 for (3) and prove it for only (2), because in (3) S is a nodal Enriques surface and the proof of its nonzero is more similar to the one in [18] . For (3) we use Lemma 2.2 and the existence of the (−2)-curve E on S such that D.E = −2 to show that
] for more details. Suppose now that D ∼ 2mE or D ∼ K S + (2m + 1)E for a half pencil E on S and an integer m ≥ 1. Then we have h 1 (S, D) = m and h 1 (S, D − E) = m − 1 by Lemma 2.2. Then by dimension, the natural map H 1 (S, N S/X (−C)) → H 1 (S, N S/X (E − C)) has the nonzero kernel and we take an element γ = 0 in the kernel. Then by (3.1), there exists a global section α of N C/X such that δ(α) = γ. We denote by k C ∈ Ext 1 (O C , O S (−C)) the extension class of the short exact sequence
Since the coboundary map of (2.4) factors through the coboundary of (3.2)
Then by the exact sequence (3.2) tensored with O S (E), there exists an element
Here β is an infinitesimal deformation of S with a pole along E. It is easy to check that all the conditions (from (i) to (vi)) of Theorem 2.11 are satisfied. In fact, (i) is clear (cf. §2.1). Since ∆ = C + K X S − 2E, we have ∆ ∼ (2m − 2)E or ∆ ∼ K S + (2m − 1)E and hence we obtain (ii). Since we have π C/S (α) ∪ k C = γ = 0 in H 1 (S, N S/X (−C)), (iii) is a consequence of [18, Lemma 3.1] . (iv) follows from E 2 = 0 and g(E) = 1. Since H 1 (E, N E/X (E)) = 0, (v) follows from Lemma 2.13. Since −K X is ample, so is C − E = −K X S + E + ∆ and hence we obtain (vi). Thus we have proved (2) of Theorem 1.2.
Finally we prove the assertion concerning the dimension of the Hilbert scheme. Since N S/X (−C) ≃ K S − D, we have H 0 (S, N S/X (−C)) = 0. Let O X,x denote the local ring of a scheme X at the point x. Then by [19, Theorem 2.4] , there exist inequalities
and the inequality to the right is strict if and only if C is obstructed in X. By assumption, we have h
we still have H 1 (S, D) = 0. However, Theorem 2.11 does not apply to C in this case. In fact, in the proof of Theorem 2.11, the nonzero of ob(α) is reduced to that of the cup product
. We see that this cohomology group is zero in the above case, because N S/X (3E − C) ∼ K S − D − 3E and we have H 1 (E, O E (nE)) = 0 for odd n and H 1 (E, O E (K S + nE)) = 0 for even n.
Non-reduced components of the Hilbert scheme
In this section, we prove Theorem 1. Enriques-Fano 3-fold of genus g and S a smooth hyperplane section of X.
Proof of Theorem 1.1. We consider a complete linear system
of divisors on S for the half pencil E in the theorem. Let Φ denote the Cossec-Dolgachev function (cf. [7, 6] ). Then we have Φ(−K X S + 2E) = (−K X .E) = e ≥ 2, which indicates that Λ is base-point-free (cf. [6, Chap. IV. §4]). By Bertini's theorem, Λ contains a smooth connected member C, which is a curve on S of genus g(C) = C 2 /2 + 1 = g + 2e. Since O S (C) is ample, we see that H 1 (S, C) = 0. Then by Lemma 2.9, the Hilbert-flag scheme HF sc X is nonsingular at (C, S) of expected dimension χ(X, N (C,S)/X ) = g + g(C) − 1 (cf. Remark 2.10). Therefore there exists a unique irreducible component W of HF sc X passing through (C, S). Let W be its image by the first projection pr 1 :
. Then W is an irreducible closed subset of Hilb sc X. Since N S/X (−C) ≃ K S − 2E, we see that H 0 (S, N S/X (−C)) = 0. This implies that there exists a (Zariski) open neighborhood U ⊂ W of (C, S), the restriction of pr 1 to which is an embedding. Thus we see that dim W = dim W = g + g(C) − 1. Moreover, since h 1 (S, N S/X (−C)) = 1, it follows from (3.1) that
Applying Theorem 1.2 to C, we see that C is obstructed in X. Moreover, since dim W attains the dimension of Hilb sc X at [C], W is an irreducible component of (Hilb sc X) red .
Let (C ′ , S ′ ) be a general member of W. Then S ′ is a (smooth) Enriques surface. Since
, the Picard group of S does not change under the smooth deformation of S and hence Pic S ′ ≃ Pic S. Since H 1 (S, O S (E)) = 0, the half pencil E is deformed to a half pencil E ′ on S ′ (of the same degree). Thereby C ′ is linearly equivalent to −K X S ′ + 2E ′ for some E ′ . By upper semicontinuity, we have In what follows, we assume that X has only terminal cyclic quotient singularities, i.e. X is one of the 3-folds listed in Table 1 . Let π : Y → X be the canonical cover and θ an involution of Y such that X ≃ Y /θ. Proof. Let S ⊂ X be the Enriques surface π(M) ≃ M/θ M in X, a smooth hyperplane section of X. Then by Lemma 2.1, the image E of F in S is a half-pencil. We see that e = (−K X .E) = f /2 ≥ 2 and H 1 (E, N E/X (E)) = 0 by Lemma 2.13. Thus the corollary follows from Theorem 1.1. (1) every general member C of W is contained in an Enriques surface S ∼ Q −K X , (2) C ∼ −K X S + 2E in Pic S, where E is a half pencil on S, and (3) h 0 (C, N C/X ) = dim W + 1 and dim W = 37 if X = X 13 , dim W = 25 if X = X 9 and dim W = 17 if X = X 6 . Remark 4.3. In Example 4.2 every general member C of W is contained in a general hyperplane section S of X ⊂ P g by Remark 2.7.
It may be worthwhile to note that if a smooth Fano 3-fold Y contains a K3 surface and an elliptic curve on the surface, then under some extra assumptions, Hilb sc Y also contains a generically non-reduced component. In Example 4.2, the smooth Fano cover π : Y → X of the Enriques-Fano 3-folds X iś etale in a neighborhood of C. Thus this example gives us some affirmative evidence to the following question. Question 4.6. Let π : Y → X be a finite covering of a projective scheme X, C a smooth curve on X. Suppose that π isétale in a neighborhood of C. Then is π −1 (C) obstructed in Y if so is C in X?
We remark that there is no morphism Hilb Y → Hilb X in general.
